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Controller synthesis: a game-theoretic approach

system enwronment |nforma|
descrlptlon descrlptlon spemﬁcatlon

model as
winning
objectives

model as
a game

Our focus here: how complex
strategies need to be?

s there 2 Positional (aka memoryless)
winning . 5
strategy 7 strategies are crucial for RL.!
no yes
empower system

capabilities strategy

or weaken =

specification controller

requirements

LSutton and Barto, Reinforcement Learning: An Introduction, 2018; Hahn et al., “An Impossibility Result in
Automata-Theoretic Reinforcement Learning”, 2022.
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Our core model: two-player zero-sum games on graphs
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Our core model: two-player zero-sum games on graphs

m C= {a, b, C}, A= (Vl, V2, E)
¢ m Two players P; (O) and P, (0)
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Our core model: two-player zero-sum games on graphs

m C= {a, b, C}, A= (Vl, V2,E).

¢ m Two players P; () and P> (O)
a b b generate an infinite word
w=>b

P. Bouyer, A. Casares, M. Randour, P. Vandenhove  2/6

Half-Positional Objectives Recognized by DBA



Our core model: two-player zero-sum games on graphs

m C= {a, b, C}, A= (Vl, V2,E).

¢ m Two players P; (O) and P, (0)
ol [ @ b b generate an infinite word
~ w = ba

P. Bouyer, A. Casares, M. Randour, P. Vandenhove  2/6

Half-Positional Objectives Recognized by DBA



Our core model: two-player zero-sum games on graphs

m C= {a, b, C}, A= (Vl, V2,E).

¢ m Two players P; (O) and P, (0)
a b b generate an infinite word
w = bab

P. Bouyer, A. Casares, M. Randour, P. Vandenhove  2/6

Half-Positional Objectives Recognized by DBA



Our core model: two-player zero-sum games on graphs

m C= {a, b, C}, A= (Vl, V2,E).

. @ m Two players P; (O) and P, (0)
a b b generate an infinite word
~ w = babb

P. Bouyer, A. Casares, M. Randour, P. Vandenhove  2/6

Half-Positional Objectives Recognized by DBA



Our core model: two-player zero-sum games on graphs

m C= {a, b, C}, A= (Vl, V2, E)
¢ m Two players P; (O) and P, (0)

ol [ @ b b generate an infinite word
w = babbc... e C¥.

P. Bouyer, A. Casares, M. Randour, P. Vandenhove  2/6

Half-Positional Objectives Recognized by DBA



Our core model: two-player zero-sum games on graphs

m C= {a, b, C}, A= (Vl, VQ,E).

¢ m Two players P; (O) and P, (0)
ol [ @ b b generate an infinite word
~ w = babbc ... € C¥.
m of P;isaset W C C¥.

P. Bouyer, A. Casares, M. Randour, P. Vandenhove  2/6

Half-Positional Objectives Recognized by DBA



Our core model: two-player zero-sum games on graphs

m C= {a, b, C}, A= (Vl, V2,E).

¢ m Two players P; (O) and P, (0)
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~ w = babbc ... € C¥.
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for which positional strategies suffice

Understand the
to win (in all arenas).
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Half-positionality

Strategies

A of Py is a function o: E* — E.
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Strategies

A of Py is a function o: E* — E.

It is positional if the choices only depend on the current vertex,
ie.,ifo: Vi — E.
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A of Py is a function o: E* — E.

It is positional if the choices only depend on the current vertex,
ie.,ifo: Vi — E.

Half-positional objectives

In all games with objective W, if P; can win with some strategy,
can P; also win with a positional strategy?

~> If yes, W is half-positional.
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Half-positionality

Strategies

A of Py is a function o: E* — E.
It is positional if the choices only depend on the current vertex,
ie.,ifo: Vi — E.

Half-positional objectives

In all games with objective W, if P; can win with some strategy,
can P; also win with a positional strategy?

~> If yes, W is half-positional.

W is if both Py (objective W) and P, (objective
C¥ \ W) have positional winning strategies.
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Half-positionality

Bipositionality is well-understood

m Characterization over finite arenas.?

m Characterization over infinite arenas.3

2Gimbert and Zielonka, “Games Where You Can Play Optimally Without Any Memory"”, 2005.
3Colcombet and Niwiriski, “On the positional determinacy of edge-labeled games”, 2006.
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Previous results on half-positionality

m Sufficient conditions over finite arenas.*

m Structural characterization over infinite arenas.®

4Kopczyﬁski, “Half-Positional Determinacy of Infinite Games”, 2006.
5Bianco et al., “Exploring the boundary of half-positionality”, 2011.

6Oh|mann, “Characterizing Positionality in Games of Infinite Duration over Infinite Graphs”, 2022.
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Might still be difficult to if an objective is half-positional!
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Our objectives

Central class of objectives: w-regular objectives.

~+ Notably encompasses LTL specifications.
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~+ Notably encompasses LTL specifications.

Open problem

Half-positionality not completely understood for w-regular
objectives!
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Our objectives

Central class of objectives: w-regular objectives.

~+ Notably encompasses LTL specifications.

Open problem

Half-positionality not completely understood for w-regular
objectives!

Here

| \

Effective characterization of half-positional objectives recognized
by deterministic Biichi automata (DBA).

DBA recognize a subclass of the w-regular objectives.

Half-Positional Objectives Recognized by DBA P. Bouyer, A. Casares, M. Randour, P. Vandenhove  5/6



Characterization
Let W be recognized by a DBA B.

Characterization of half-positionality of W with a conjunction of
three easy-to-check conditions.
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Polynomial-time algorithm

Half-positionality of W can be decided in O(|B|*) time.

One-to-two-player, finite-to-infinite lift

If W is half-positional over finite one-player games, then it also
holds in infinite two-player games!
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Characterization
Let W be recognized by a DBA B.

Characterization of half-positionality of W with a conjunction of
three easy-to-check conditions.

Polynomial-time algorithm

Half-positionality of W can be decided in O(|B|*) time.

One-to-two-player, finite-to-infinite lift

If W is half-positional over finite one-player games, then it also
holds in infinite two-player games!

Thank you! Any question?
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Some examples (1/2)

Let C = {a, b}. DBA read infinite words; accepting are
marked with e.

m W = Biichi(a) = “seeing a infinitely often”: half-positional.

|

s
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Some examples (1/2)

Let C = {a, b}. DBA read infinite words; accepting are
marked with e.

m W = Biichi(a) = “seeing a infinitely often”: half-positional.

D

m W = Biichi(a) N Biichi(b): not half-positional.

JeC NN sl
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Some examples (2/2)

m W = C*aaC¥: not half-positional.
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Some examples (2/2)

m W = C*aaC¥: not half-positional.

m W = Biichi(a) U C*aaC%: half-positional.
| oa
a
b

~> This last example is not bipositional.

Half-Positional Objectives Recognized by DBA P. Bouyer, A. Casares, M. Randour, P. Vandenhove  3/8



Relations on prefixes

Let W C C¥ be an objective.

Left quotient

Forue C*, u W ={we C¥|uwec W}

For u,v € C*,
mu~vif U !W = v W (= Myhill-Nerode relation),
mu=<vifuelwcviw.
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Condition 1: < is total

Let W C C“ be an objective.

Prefix preorder < is
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Condition 1: < is total

Let W C C“ be an objective.

Prefix preorder < is . I

For W = (aa + bb)C¥, words a and b are not comparable for <.
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Condition 1: < is total

Let W C C“ be an objective.

Prefix preorder < is . I

Biichi(a) U C*aaC* has a total prefix preorder.

bab
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Condition 2: progress-consistency

Let W C C¥ be an objective.

Objective W is if

for all u,v € C*, u < uv implies uv® € W.

C*aaC¥ is not: Biichi(a) U C*aaC¥ is (here,
b < b(ba) but b(ba)” ¢ W. b(ba)~ € W).

a a
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Condition 3: one state per equivalence class

Let W C C“ be an objective recognized by a DBA.

Objective W is if it is recognized by a DBA
with one state per equivalence class for ~.
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Condition 3: one state per equivalence class

Let W C C“ be an objective recognized by a DBA.

Objective W is if it is recognized by a DBA
with one state per equivalence class for ~.

Biichi(a) N Biichi(b) is not. One equivalence class, but needs at

least two states.
! b
JEO MO
a
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Condition 3: one state per equivalence class

Let W C C“ be an objective recognized by a DBA.

Objective W is if it is recognized by a DBA
with one state per equivalence class for ~.

Biichi(a) U C*aaC¥ is (three classes, three states).

b g@@ - DI
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Characterization

An objective W recognized by a DBA is half-positional if and only
if

m <y is total,
m W is progress-consistent, and
m W is Myhill-Nerode-like.

~= All three conditions are easy to decide.
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